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ABSTRACT 

A numer ica l  a n a l y s i s  o f  t r a n s i e n t  combined heat and mass 
t rans fe r  across a rec tangu lar  c a v i t y  i s  performed by a numerical 
method based on the SIMPLE a lgor i thm.  The p h y s i c a l  parameters are 
se lec ted  t o  represent  a range o f  poss ib le  c r y s t a l  growth i n  
so lu t i ons .  

Numerical  r e s u l t s  a re  compared w i t h  a v a i l a b l e  exper imental  
data t o  con f i rm  the  accuracy o f  the r e s u l t s .  Good q u a n t i t a t i u e  
agreements a re  ob ta ined f o r  the average mass t rans fe r  r a t e  acrose, 
the c a u i t y .  Also, q u a l i t a t i v e  agreements a re  observed for t h e  
g loba l  development o f  thermal and s o l u t e  f i e l d s .  

I t  is found t h a t  the thermal and s o l u t e  f i e l d s  become h i g h l y  
o s c i l l a t o r y  when the  thermal and s o l u t e  Grashof numbers are  
l a r g e .  O s c i l l a t i o n s  a re  probably caused by number o f  d i f f e r e n t  
i n s t a b i l i t y  mechanisms. By reducing the g rav i  t y  some o f  these 
i n s t a b i l i t i e s  were made t o  disappear a t  the lager Grashof 
numbers. 

Trans ien t  temperature and s o l u t e  d i s t r i b u t i o n  near the 
c r y s t a l  growing su r face  are  h i g h l y  non-uniform a t  the h igher  
Grashof numbers. These non-uniformi t i e s  a re  l e s s  severe i n  the 
reduced g r a v i t y  environments bu t  s t i l l  e x i s t .  The e f f e c t s  o f  
convect ion o n  the r e t e  o f  average m a s s  t rans fe r  a r e  m o r e  than one 
order o f  magnitude h igher  than those o f  conduction i n  the range 
o f  Grashof numbers s tud ied .  Dependency o f  mass t rans fe r  r a t e  on 
the Grashof number i n d i c a t e s  t h a t  the convect ion e f f e c t s  may not  
become n e g l i g i b l e  even i n  the mic rograv i  t y  environments f o r  the 
range o f  parameters i nves t i ga ted .  
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OR\CaNAL PAGE IS a OF POUR QUALITY 
I .  INTRODUCTION 

Single crystals are important parts of modern scientific and 
engineering equipments because of their unique electro-magnetic 
properties. Most singl'e crystals are made by one of three 
methods: vapor growth, solution growth and melt growth. 

The final transport process in crystal growth is the phase 
change from liquid to solid at the growing interface. Mass 
transport is dominantly controlled by the mass diffusion near the 
interface between the liquid and solid. Thermodynamic and 
transport properties near the growing surface are however 
intimately connected to the thermal and solute fields far away 
from the interface. These far-field behaviors are determined by 
the convective heat, mass and momentum transport processes [l]. 

Convective transport processes tend to expedite the mass 
transport of crystal materials across the ampoule. Highly non- 
uniform temperature and solute distributions inherent i n  
convection, however, have undesirable effects on the quality o f  
crystals. Convection effects, in parts , are believed to be 
responsible for non-uniform properties of single crystals grown 
in vapor and solution growth and helical segregation of 
impurities in crystals grown in melt growth [2,33. 

To improve the quality o f  single crystals, quantitative 
assessment of convection effects are required. In recent years, 
many research efforts, both analytical and experimental 
approaches, are reported in li teratursa [4,5,6,71. Since the 
actual processes involved in crystal growth are quite complex and 
some of the physical processes are not well understood, most o f  
these investigations focused on a few limited aspects of 
convective processes. 

The objective of the present research is to investigate the 
transient heat and mass transfer in a two-dimensional rectangular 
ampoule in a solution growth by a numerical analysis. Methods 
of analysis are presented in section 2, numerical results are 
presented and discussed in section 3, followed by conclusions and 
recommendations in section 4. 
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11. METHODS O F  ANALYSIS 

I D e s c r i p t i o n  o f  the Problem 

Actua l  phy:;ical mechanisms invo lved  i n  c r y s t a l  growth are  
time-dependent, three-dimensional conuect ion-d i f fus ion  processes 
w i t h  a phase change a t  the  c r y s t a l  growing sur face.  Enthalpy o f  
phase t rans format ion  mi.ght be i nvo l ved  i n  c e r t a i n  app l i ca t i ons .  
I n  genera l ,  c r y s t a l  growing sur faces are  not  f l a t  and they moue 
a t  the r a t e  o f  growing c r y s t a l s .  Boundary cond i t i ons  imposed on 
the  ampoule sur faces can be q u i t e  complex. Phys ica l  p r o p e r t i e s  o f  
the  m i x t u r e  i n  the ampoule might be s t r o n l y  dependent upon t h e  
s o l u t e  concent ra t ion  and temperature. 

The present research i s  concerned w i t h  the p r e d i c t i o n  o f  
s o l u t e  and temperature f i e l d s  encounterd i n  s o l u t i o n  growth. T o  
make the ana lys i s  f e a s i b l e ,  number o f  s i m p l i f y i n g  assumptions are 
i n t roduced i n  f o r m u l a t i n g  the  problem. The geometry o f  the 
ampoule i s  rec tangu le  w i t h  a f i x e d  aspect r a t i o .  The l e f t  
v e r t i c a l  w a l l  i s  kept a t  a h igher  constant temperature and a 
h igher  concent ra t ion  o f  c r y s t a l  m a t e r i a l  w h i l e  the r i g h t  
v e r t i c a l  w a l l  i s  kept  a t  a lower temperature and a lower 
c o n c e n t r a t i o n  o f  c r y s t a l  m a t e r i a l .  A b ina ry  m i x t u r e  made o f  a 
n u t r i e n t  c r y s t a l  m a t e r i a l  and a c a r r i e r  f l u i d  f i l l s  the c a v i t y  
o f  the ampoule. The c r y s t a l  m a t e r i a l s  a re  d isso lved f r o m  the l e f t  
w a l l  and deposi ted on the  r i g h t  w a l l .  Ho r i zon ta l  sur faces are 
a d i a b a t i c  and impermeable t o  bo th  components. The v e r t i c a l  w a l l s  
a r e  a l so  impermeable t o  the  c a r r i e r  f l u i d .  F igu re  1 s h o w s  the 
geometry o f  the  ampoule considered i n  the  present analys is .  

i, 
H 

L 

1 TL 

WA L 3 

F i g u r e  1. Geometry o f  the problem 

Governinq Equat ions 

Assuming a two-dimensional incompressible f l o w  o f  Newtonian 
f l u i d  f o r  the m ix tu re ,  conservat ion o f  mass, momentum, energy and 
c r y s t a l  m a t e r i a l  (he rea f te r  c a l l e d  species A)  may be expressed by 
the f o l l o w i  ng par t i  a1 d i  f f eren t i  a1 equa t i on : 

c r >  
a a 
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where 9 is the dependent variable, r is the diffusion 
coefficient and S is the source. These values are listed i n  Table 
1 for each equations, In this expression, t is time, x and y are 
horizontal and vertical distance, u and v are fluid velocity in 
x- and y-directions, E is the internal energy, W ~ i s  the mass 
fraction of species A,)' is the density of the mixture, T is the 
temperature, p is the pressure,/cA is the dynamic viscosity, is 
the thermal conductivity and DAB is the mass diffusivity. 

0 

equation 

mass 

Table 1. Components of governing equations 

4 r S ! 
I 0 0 

a x-moman tum 

1 wA I P  'AB 1 0 
concen t r a t i on I 

I t  is assumed that the density of the fluid remains at a 
constant value and the effects of heat and mass transfer from the 
vertical walls appear as the buoyancy force along the y- 
direction. This is known as a Boussinesq approximation and is 
valid when the temperature difference between the walls are small 
and the mass fraction o f  species A is small (dilute solution). In 
terms of Boussinesq approximation, the density of the mixture is 
given by 

0 

w h e r e ,  and dA are the thermal and solute expansion coefficient, 
respectively. They are 

and 

where 

(3) 

M A  and M g  are the molecular weight o f  species A and B (carrier 
fluid), respectively. Superscript '0' implies a reference state. 

Initial and Boundary Conditions e 
xu-3 



Initially, mixture with a constant temperature (TO) and 
mass fraction (W, ) is in hydrostatic equilibrium under a given 
gravity (9). At t > O ,  temperature at the left wall is increased by 
a small amount and the temperature at the right wall is decreased 
by the same amount. Heat transfer occurs from the left wall to 
the adjacent fluid by conduction. Density of heated fluid ,in 
general, becomes small and the thermal buoyancy force acts in the 
opposite direction to the grauity. Cooled fluid adjacent to the 
right wall moues in the same direction as the gravity. This 
buoyancy force due to the thermal effects drive the convection in 
the ampoule. When the concentration o f  species A at the left wall 
is increased from its initial state and decreased by the 
same mount at the right wall, convection occurs due to solutal 
buoyancy force. If MA > M a  , buoyancy force due to mass transfer 
will act downward near the left wall and upward near the right 
wall. In this case, two bouyancy forces will act in the opposite 
direction (opposing convection). If M,< Ma, then two bouyancy 
forces will act in the same direction (aiding convection). 

Mathematically, the initial conditions are 

LL O ( , y , t = o >  = v( JJ, t = o )  = 0 : 

p' x,y , t = o )  = po 
Wl (%J, t = o ) =  WA . 

T(F=. ,  7 ) 2  7T; ' T ( X = L ,  ff) = 7-L ; 

; Tt%,j) t - 0 )  = T o  
0 

and the boundary conditions are 

> 
I 

w/q (%=yo = WPH , ' w/q ( X:L, ?j)= WAL ; 

( '7) 

a [%,p 1 = V( ) t , j=*)  = u ( X , y > H l =  lr( X , y 4 f ) = O  / 

K ( O , ' j I =  v ( ' , y )  5 a( L , 3 )  Z V (  L j y )  z O , 
Nondimensional Parameters 

Selecting H,  '/H , AT and A W A  as the characteristic ualues, 
i t  can be readily shown f r o m  the governing differential equations 
that there are f iue nondimensional parmetera which characterize 
the transport processes in the ampoule. They are 

I where &-=T,, -TL and d Wz W A ~  - W,, 
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The numer ica l  method used t o  so lve  the  given equations 
sub jec t  t o  t he  i n i t i a l  and boundary c o n d i t i o n s  i s  a mod i f ied  
vers ion  o f  t he  SIMPLE a lgo r i t hm C81. The SIMPLE and i t s  many 
v a r i a n t s  have been success fu l l y  a p p l i e d  t o  a wide range o f  f l u i d  
f l o w  and heat t r a n s f e r  problems. The present method f o l l o w s  
exac t l y  the same procedures as descr ibed i n  re f . [81  except a 
s imple m o d i f i c a t i o n  t o  account for the dens i ty  change due t o  the 
pressure change [ S I .  I n  s o l v i n g  the c o n t i n u i t y  equat ion,  a 
recommendation g iven i n  r e f . [ 1 0 ]  i s  used t o  speed up the 
convergence. 

Numerical  Method 

Case 

1 

2 

3 

1 4  
i 

5 

1 

I I I .  RESUL.TS AND DISCUSSIONS 

GrT '* N=Gr, /GrT 

4.36Et5 8.12E+6 18.62 

4 36E+5 -8.12ei-6 -18.62 

4.36E+4 8.12E+5 18.62 

4.36E+4 -8.12E+5 -18.62 

4.36E+3 8.12E+4 18.62 

Phvsi  c a l  Par ame t e r q  

Exper imental  data a re  a v a i l a b l e  f o r  cases 1 and 2. They are 
used t o  check the accuracy o f  the present ana lys i s .  Smaller 
Grashof numbers used i n  cases 3-5 a re  obta ined by reduc ing  the 
g r a v i t y  t o  0.1 g and 0 .01  9, where g=9.81 m/s? T h i s  approach i s  
used t o  examine the e f f e c t s  o f  the reduced g r a v i t y  when the 
m i x t u r e  p r o p e r t i e s  remain constant .  

Numsr i c a l  Par ame t er s . 

Numerical  r e s u l t s  depend on the choice o f  numerical 
xu-5 



parameters, such as the mesh s izes,  t ime steps, r e l a x a t i o n  
c o e f f i c i e n t s  and a convergence c r i t e r i o n .  

The number o f  c o n t r o l  volumes and t h e i r  arragements are 
u s u a l l y  determined by a t r i a l  and error  method u n t i l  t h e  
numerical  r e s u l t s  agree w i t h  known data  or become g r i d  
independent. I t  was repo r ted  i n  a p rev ious  i n v e s t i g a t i o n  tha t  26 
( h o r i z o n t a l )  by 20 ( v e r t i c a l )  c o n t r o l  volumes gave s u f f i c i e n t l y  
accurate average heat or mass t rans fe r  r a t e  when the heat o r  mass 
t r a n s f e r  occurs separa te ly  [ill. A h i g h l y  nonuniform g r i d  
arrangement was used i n  t h a t  study. The c o n t r o l  volume s i zes  near 
the v e r t i c a l  w a l l s  were se lec ted  such t h a t  t h i n  s o l u t e  boundary 
l a y e r  developed on these sur faces conta ined more than one 
c o n t r o l  volumes. I n  the same study,  26 by 20 g r i d  s y s t e m  was a lso  
used f o r  combined heat and mass t r a n s f e r .  Overa l l  average mass 
t r a n s f e r  r a t e  was seen i n  good agreement w i t h  exper imental  data. 
However, numer ica l  r e s u l t s  f a i l e d  t o  e x h i b i t  i n t r i c a t e  th ree  
l aye red  convect ion loops  observed i n  the experiment [1,71. 
Subsequent experiments on the g r i d  arrangement (30  by 28 ?r,J 40 
by 40) reavealed t h a t  i nc reas ing  g r i d  number i n  the v e r t i c a l  
d i r e c t i o n  gave improved r e s o l u t i o n  o f  f l o w  s t r u c t u r e  bu t  t h e  
average mass t r a n s f e r  r a t e s  were no t  s i g n i f i c a n t l y  changed beyond 
those ob ta ined by the  26 by 20 system. I n  the present ana lys is ,  a 
40 b y  40 grid system is used for a l l  cases. 

I n  the  present  study, numerical  i n t e g r a t i o n  begins w i t h  a 
p h y s i  c a l l  y r e a l i s t i c  i n i t i a l  condi t i  on. Consequently, 
Convergence o f  numer ica l  s o l u t i o n s  a t  each t ime l e v e l  i s  achieved 
w i t h  a few i t e r a t i o n s  prov ided t h a t  a proper t ime s t e p  i s  used. 
A t  the beg inn ing  o f  computation an extreamly smal l  t ime step i s  
used. I n  the subsequent computations, t ime s t e p s  are 
au tomat i ca l l y  ad jus ted  depending on whether the number o f  
i t e r a t i o n  t o  achieue the convergence i s  below or above the preset 
minimum ( 2 )  and maximum ( 1 0 )  number o f  i t e r a t i o n s  . The 
convergence o f  f l o w  q u a n t i t i e s  i n  each t ime step i s  assumed when 
the r e l a t i v e  r e s i d u a l  mass i n  every c o n t r o l  volume i s  l e s s  than 
0 . 1  %. 

The r e l a x a t i o n  c o e f f c i e n t s  f o r  the momentum equat ions were 
0.5 f o r  b o t h  d i r e c t i o n s  and no r e l a x a t i o n  i s  used f o r  t h e  
pressure and energy equat ions.  

Trans ien t  Global  Flow F i e l d s  

F igu re  2 s h o w s  t r a n s i e n t  g l o b a l  development o f  momentum, 
thermal and s o l u t e  f i e l d s  f o r  case 1 a t  th ree  d i f f e r e n t  t i m e  
steps. The v e l o c i t y  vector  ( t o p  panel)  and stream func t ion  
(second f r o m  t o p )  d i s t r i b u t i o n  s h o w  the e f f e c t s  o f  mass t rans fe r  
on the convect ion.  Since the thermal d i f f u s i v i t y  i s  much l a r g e r  
than the mass d i f f u s i v i t y  (Sc/Pr = 3001, the convect ion l o o p  i n  
the  ampoule i s  determined by the thermal e f f e c t s  on ly  a t  the 
beginning s tage o f  convect ion.  However, the presence o f  mass 
t rans fe r  s o o n  begins t o  modify the thermal ly  d r i ven  convection 
through the double d i f f u s i v e  e f f e c t s  E121. 
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t =  2 . 0  5 e c  

. . . . . .  If,. .. 

F i g u r e  2. Transient  u e l o c i  t y ,  temperature and solute fields a t  
t=500 sec, t=1500  sec and t=4000c,ec f o r  ca5e 1 and t=4000sec  f o r  
case 2.  
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F i g u r e  2. continued (see c a p t i o n s  on the previous page)  
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The m o r t  s t r i k i n g  f e a t u r e  o f  the f l o w  f i e l d  i s  the 
appearance o f  c lockwise  convect ion l o o p 5  near the  h o r i z o n t a l  e sur faces .  T h i s  f e a t u r e  i s  i n  agreement w i t h  exper imental  data 
r e p o r t e d  i n  r e f  . [ 1 ,71 .  The phys i ca l  explanat ions o f f e r e d  i n  r e f .  
[71 a re  as f o l l o w s .  A s  species A d i f f u s e s  f r o m  the l e f t  w a l l  t o  
the adjacent  m i x t u r e  , i t  i s  c a r r i e d  upward by convect ion and a 
t h i n  s o l u t e  boundary l a y e r  develops a t  the top surface. A s  the 
mass t rans fe r  cont inues,  the s o l u t e  boundary l a y e r  near the 
h o r i z o n t a l  su r face  th ickens.  When the s o l u t e  boundary l aye r  
th ickness  reaches cer t 'a in  l e v e l ,  some o f  species A i n  t h i s  
s a l u t e  boundary l a y e r  i s  en t ra ined  by the  thermal ly  d r iven  
convect ion and swept away f r o m  the s o l u t e  boundary l a y e r .  A t  the 
r i g h t  w a l l ,  some o f  t h i s  en t ra ined  p o r t i o n  o f  species A can not 
d i f f u s e  t o  the  r i g h t  w a l l  f a s t  enough t o  be p u l l e d  down by the 
thermal ly  d r i v e n  convect ion a t  the r i g h t  w a l l  s ince  mass 
d i f f u s i o n  i s  much slower than thermal d i f f u s i o n .  T h i s  l e f t  over 
l i g h t  f l u i d  i s  then pushed toward the l e f t  w a l l  and a c lockwise 
convect ion l oop  a t  the  upper r i g h t  corner o f  the ampoule appears. 
S i m i l a r  double d i f f u s i v e  e f f e c t s  r e s u l t  i n  a c locwise  convection 
l o o p  a t  the  lower l e f t  corner .  A s  t ime progreses, h o r i z o n t a l  
s o l u t e  boundary l a y e r  th ickness increases (bottom panel) and 
s o l u t e  d r i v e n  weak c i r c u l a t i o n  l o o p s  penet ra te  deeper i n t o  the  
c a v i t y .  

Temperature f i e l d  i n  the  c a v i t y  i s  s t r o n l y  i n f l uenced  by the 
s o l u t e  t ranspor t  ( t h i r d  pane l ) .  Temperature i nve rs ion  w i t h  a 
steep g rad ien t  i s  apparent where the s o l u t e  d r i v e n  convect ion 
l o o p s  e x i s t .  Therefore,  there  e x i s t  d e s t a b i l i z i n g  temperature 
g rad ien t  and s t a b i l i z i n g  s o l u t e  gradient  i n  these reg ion  and f l o w  
o s c i l l a t i o n  o f  over -s tab le  mode can be t r i g g e r e d  1131. A s  
expected i n  a h i g h  thermal Grashof number convect ion,  the 
temperature i n  the  core reg ion  o f  the ampoule i s  completely 
s t r a t i f i e d .  

* 
The l a s t  column i n  F igu re  2 shows the g l o b a l  f l o w  p r o p e r t i e s  

f o r  case 2 a t  t=4000 sec. The only  d i f f e r e n c e  between case 1 and 
case 2 i s  t h a t  buoyancy f o r c e  due t o  the s o l u t e  t ranspor t  i s  i n  
oppos i te  d i r e c t i o n .  A s  i n  the  case 1, thermal effects drive t h e  
c lockwise  convect ion.  Due t o  the s o l u t a l  e f f e c t s ,  weak counter- 
c lockwise convect ion l o o p s  appear near the h o r i z o n t a l  w a l l s .  
These r e s u l t s  a r e  no t  i n  agrement  w i t h  observa t iona l  data [1,71 
which show c lockwise  l oops  as i n  case 1. 

The s o l u t e  boundary l a y e r  th ickness f o r  case 2 i s  much 
t h i c k e r  than case 1 (bottom pane l ) .  T h i s  may be caused by t h e  
increased m i x i n g  between the  thermal and s o l u t e  boundary l a y e r s  
a t  the  v e r t i c a l  w a l l s  (bottom pane l ) .  A s t r o n g  temperature 
i n v e r s i o n  occurs i n  the  upper r i g h t  and lower l e f t  corner o f  the 
ampoule as i n  case 1. 

Comparison w i t h  Measurement Data 

F igu re  3 shows the h o r  i zon t a l  u e l o c i  t y  ( u )  y 

nondimensional ized temperature and s o l u t e  d i s t r i b u t i o n s  a t  the 
xu-9 
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Figure 3. Vertical distribution o f  uelocity, temperature and 
concentration at the center o f  the cavity f a r  case 1 at 
t=4000sec. Experimental results taken from refs.[1,7] a r e  shown 
f o r  comparison. 
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Figure 4. Vertical distribution of velocity, temperature and 
concentration at x=L/2 f o r  case 2 at t=4000 sec. Experimental 
results for a similar case in refs.C1,71 are shown f o r  
comparison 
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center o f  t h e  c a v i t y  as a f u n c t i o n  o f  v e r t i c a l  d is tance f o r  case 
1 a t  t=4000 sec. Experimental data f r o m  r e f .  [ 7 ]  are a lso  
d isp layed f o r  comparison. Good q u a l i  t a t i v e  agreements are 
observed f o r  the v e l o c i t y  and temperature f i e l d s .  A d i r e c t  
comparison o f  concent ra t ion  p r o f i l e s  i s  no t  possble s ince  no 
measurement data i s  a v a i l a b l e .  The th ickness o f  the s o l u t e  l a y e r  
i s  about 20 % o f  the c a v i t y  he igh t  i n  the present r e s u l t s  w h i l e  e 

i t  i s  about 15 % i n  the  measurement. 

F igu re  4 s h o w s  the  s i m i l a r  r e s u l t s  f o r  case 2 a t  t=4000 sec. 
Again exper imental  da ta  w i t h  s l i g h t l y  d i f f e r e n t  cond i t i ons  [1,71 
are  shown f o r  comparison. Experimental r e s u l t s  show three 
convec t ive  l o o p s  r o t a t i n g  c lockwise i n  a d d i t i o n  t o  a t h i n  
counter-c lockwise c i r c u l a t i o n  due t o  opposing s o l u t a l  convect ion.  
Nurner i c a l  r e s u l t s  however f a i l e d  t o  show t w o  c lockwise convect i o n  
l o o p s  near the h o r i z o n t a l  surfaces. There exist,howeuer, a crude 
resemblance between the v e l o c i t y  p r o f i l e s .  Temperature p r o f i l e s  
obta ined by the numerical  s imu la t i on  show extream inve rs ion  w h i l e  
the  measument data s h o w s  almost un i form temperature i n  the 
h o r i z o n t a l  s o l u t e  boundary l a y e r ,  Solute l a y e r  th ickness f r o m  
the present r e s u l t s  i s  about 25 % c a v i t y  he igh t  w h i l e  
measurement r e p o r t 5  on ly  12  %. Even though some o f  t h i s  
discrepancy can be a t t r i b u t e d  t o  the  d i f f e r e n c e  i n  the buoyancy 
r a t i o  used in the present s t u d y  (18.6) and the measurement 
(16.21, no s a t i s f a c t o r y  explanat ion can be o f f e r e d .  

Aueraqe Heat and Mass Transfer  

Average heat and mass t rans fe r  r a t e  across the c a v i t y  a re  o f  
eng ineer ing  i n t e r e s t .  They are  commonly expressed i n  term o f  
Nussel t  number (Nu) and Sherwood number ( S h )  de f i ned  by 

F o r  a t r a n s i e n t  heat and mass t r a n s f e r ,  Nu and Sh evaluated 
a t  the  d i f f e r e n t  l o c a t i o n s  would g i v e  d i f f e r e n t  values. They w i l l  
be constant when a stedy s t a t e  i s  reached. Three l o c a t i o n s ,  a t  
the l e f t  w a l l  (x=O), e t  the middle o f  the c a v i t y  ( x = L / 2 )  and a t  
the  r i g h t  w a l l  ( x = L ) ,  a re  se lec ted  t o  eva luate Nu and Sh i n  t h e  
present s tudy.  

Table 3 summarizes the average Nu and S h  nurnbers evaluated 
a t  x=O a t  the end o f  computations. Computations were terminated 
when t h e  average Sh number v a r i a t i o n s  a t  x=O are  r e l a t i v e l y  m i l d .  
Even though a t r u e  s teady-state can not  be reached f o r  a v e r y  
l o n g  t ime because o f  smal l  mass d i f f u s i v i t y ,  measurement r e s u l t s  
[1,7] showed t h a t  the mass t r a n s f e r  r a t e  reached a quasi-steady 
va lue w i t h i n  a r e l a t i v e l y  shor t  t ime. F o r  example, measurement 
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showed t h a t  l i m i t i n g  cu r ren t  (constant  mass f l u x )  occurs w i t h i n  
1800 sec f o r  a l l  cases they s tud ied .  Numerical r e s u l t s  also 
showed such t r e n d  i n  average Sh numbers . The average S h  numbers 
i n  Table 3 represent  the  quasi-steady values. 0 

present measu r emen t ( r e f ,7 

Case Nu S h  Nu Sh 

1 14.95 265.30 - 281.83 
t 

Numerical  r e s u l t s  agree w e l l  w i t h  the measured S h  f o r  a l l  
cases o f  a i d i n g  Convection. Discrepancy between t w o  r e s u l t s  are 
w i t h i n  the  u n c e r t a i n t y  o f  measurements ( 1 0  X ) .  A s  mentioned i n  a 
prev ious  sec t i on ,  h o r i z o n t a l  l a y e r i n g  o f  s o l u t e  near the top and 
bottom sur faces  reduce the c a v i t y  he igh t  and consequently, 
thermal convect ion s t r e n g t h  decreases. Therefore,  the average Nu 
number cont inues  t o  drop as t ime progresses u n l i k e  the average S h  
number w h i c h  reaches a quasi-steady ualue. Therefore,  the average 
Nu numbers tabu la ted  i n  Table 3 a re  no t  quasi-steady values. 
S i m i l a r  t r e n d  i n  reduc t i on  o f  heat t rans fe r  by s o l u t e  l a y e r i n g  
was a l so  no ted  i n  r e f  .1141. 

j 2  7.09 215.64 
i 
' 3  10.32 138.36 i' 

! 4  3.76 119.16 

i 5  4.14 72.38 

0 

j 

- - 

- 125.83 

- - 
- 68.0 

From the  numer ica l  r e s u l t s ,  i t  can be observed tha t  the 
opposing buoyancy f o r c e  has much more e f f e c t s  on the heat 
t r a n s f e r  r a t e  than on the  mass t r a n s f e r  r a t e .  I n  an opposing 
Convection, thermal convect ion is g r e a t l y  reduced by the o p p o s i n g  
s o l u t e  buoyancy f o r c e  and the heat t r a n s f e r  r a t e  becomes smal ler .  
Mass t r a n s f e r  occurs through a t h i n  s o l u t e  boundary l a y e r  a t  the 
v e r t i c a l  w a l l  which changes l e s s  d r a m a t i c l l y  than the thermal 
boundary l a y e r .  

F i g u r e  5 s h o w s  the momentum, thermal and s o l u t e  boundary 
l a y e r  th ickness  a t  x = O ,  y = H / 2 .  Momentum boundary l a y e r  i s  th i cke r  
than the  thermal and the  thermal boundary i s  much th i cke r  than 
the s o l u t e  boundary l a y e r  as expected s ince  Pr=7.07 and Sc=2140. 

By reduc ing  the grau i  t y ,  thermal and s o l u t e  Gashof numbers 
are b o t h  reduced by the same amount and the average heat and mass 
t r a n s f e r  r a t e s  a r e  equa l ly  a f f e c t e d  as seen i n  Table 3. Reducing 
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F i g u r e  5 .  M o m e n t u m ,  t h e r m a l  and concentration b o u n d a r y  l a y e r  
thicknesses at the vertical wall at  y = H / 2  f o r  case 1-4. 
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the g r a v i t y  t o  a l e v e l  o f  m ic rog rav i t y  enuironment, say 10e-49, 
m a y  r 1 0 1  however e l i m i n a t e  the  convect ion e f f e c t s  on the mas5 
t r a n s f e r .  For  example, redr lc ing g r a v i t y  t o  0.19 reduces Sh by 48 
% ( f r o m  265.3 t o  135.36) and w i t h  0.019, 4 6  % ( f r o m  138.36 t o  
74.0). T h i s  s h o w s  t h a t  the mass t rans fe r  i s  decreased by 50 % by 
decreasing the g r a v i t y  ten times. A t  1.0e-49, the average Sh may 
become 18.75. I n  order t o  have S h 4 . 0 ,  the g r a v i t y  may have t o  be 
reduced t o  1 ,Oe-89. 

F l o w  I n s t a b i l i t i e s  

F igu re  6 shows the  t r a n s i e n t  Nu and Sh number v a r i a t i o n s  f o r  
case 2 eva lua ted  a t  x=O and x=L/2. Resul ts  a t  x=L are  s i m i l a r  t o  
those a t  x-0 and a r e  no t  shown. Top panel5 show the mass t rans fe r  
r a t e  and the bottom panel  shows the heat t rans fe r  r a t e .  

Mass  t r a n s f e r  evaluated a t  the w a l l  drops r a p i d l y  a t  the 
beginning because the mass t r a n s f e r  occurs by d i f f u s i o n  and the  
s o l u t e  g rad ien t  decreases. The m i x t u r e  adjacent t o  the w a l l  
begins t o  move because o f  s o l u t e  buoyancy f o r c e  and the s o l u t e  
boundary l a y e r  develops. The concent ra t ion  a t  the edge o f  s o l u t e  
boundary l a y e r  i s  the i n i t i a l  concentrat ion i n  the ampoule. The 
m a s s  t r a n s f e r  r a t e  changes very l i t t l e  u n t i l  convect ion i n i t i a t e d  
f r o m  the r i g h t  w a l l  reaches a t  about t=370 see. A t  t ha t  t ime t h e  
concent ra t ion  a t  the  edge o f  the s o l u t e  boundary l a y e r  begins t o  
drop below the  i n i t i a l  concent ra t ion  and the average mass 
t r a n s f e r  r a t e  s t a r t s  t o  increase. 

The mass  t r a n s f e r  evaluated a t  the center remains zero 
u n t i l  s i g n i f i c a n t  conuect ion o f  s o l u t e  occurs a t  the middle o f  
the ampoule. Note  t h a t  the mass t rans fe r  a t  the center  i s  c a r r i e d  
by convect ion and d i f f u s i o n  i s  almost n e g l i g i b l e .  Mass t rans fe r  
a t  the  center  reaches the maximum when the h o r i z o n t a l  v e l o c i t i e s  
near the h o r i z o n t a l  w a l l s  were the maximum . T h i s  occured a t  
about t=370 sec f o r  case 2. Convection s t r e n g t h  decreases 
c o n t i n u a l l y  bu t  s o l u t e  l a y e r  near the h o r i z o n t a l  w a l l s  increases. 
T h i s  i s  the  reason t h a t  the average mass t r a n s f e r  r a t e  reaches a 
quesi-steady va lue  ( l i m i t i n g  cu r ren t  va lue i n  measurment) r a t h e r  
r a p i d l y .  I n  the  present case, t h i s  value i s  reached a t  about 800 
sec. 

0 

Mass t r a n s f e r  r a t e  a t  the  w a l l  i s  seen t o  increase 
cont inuous ly  a t  t>800 sec. T h i s  imp l i es  t h a t  the s o l u t e  
concent ra t ion  a t  the edge o f  s o l u t e  boundary l a y e r  i s  be ing 
lowered cont inuous ly .  Mass t r a n s f e r  a t  the center  remains a t  t h e  
quasi-steady va lue  u n t i l  about 1300 sec a t  which t ime o s c i l l a t i o n  
begins. These o s c i l l a t i o n s  p e r i s t e d  u n t i l  the end o f  computation 
w h i l e  mass t r a n s f e r  r a t e  a t  the w a l l  remains almost constant.  
There are  t w o  types o f  o s c i l l a t i o n s :  one w i t h  a s h o r t  o s c i l l a t i o n  
p e r i o d  (about 15 sec) and the o t h e r  w i t h  a r e l a t i v e l y  l o n g  
p e r i o d  (about 150 sec).  

The behavior o f  t r a n s i e n t  heat t rans fe r  r a t e  a t  the w a l l  
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AVC. SHERWOOD NUMBER 
CASE 2 (OPpoSurq 

I: 

MASS TRANSFER RATE 
CASE 2 (0pposurq 

HEAT TRANSFER RATE 
CASE 2 (OPPOSING) HEAT TRANSFER RATE 

CAS: 2 (OPpoSnrc) 8 

Figure  6.  Transient  average ma55 t ransfer  ( top panels) and average 
heat t ransfer  (bottom panels) across the c a v i t y  f o r  case 2 
evaluated a t  x=O ( s o l i d  l i n e s )  and x=L/2 (broken lines). 
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and at the center can be explained in a similar manner. Since 
the thermal diffusivity is much larger than the mass 
diffusivii ty, thermal boudary layer development is much quicker 
and the thermal boundary layer thickness much larger (see 
Fig.5). As explained, the heat transfer rate does not reach a 
quasi-steady value. Instead, they decrease continuously as the 
effective height of the cavity decreases. Oscillation of Nu 
follows closely of those of Sh fluctuations. 

Soma of these oscillations are probably caused by the Brunt- 
Vaisala instability [lSl. Fluid with a destabilizing temperature 
field (cold fluid on top of warm fluid) is unstable. By using the 
physical parameters found in the present case, the period of 
oscillation is found to be 

Other type of short oscillation is caused by the interaction 
between a destabilizing thermal field and a stabilizing solute 
field. Using the formula qiuen in ref. [131, the period o f  
oscillation for a ouer-stable marginal stability for the present 
case is 

These two instability mechanisms are probably connected to 
the short period oscillation observed for Nu and Sh evaluated at 
the Center. 

The long period oscillation with large amplitude may be 
associated with a boundary layer instability at the vertical 
walls. Interaction among the momentum, energy and thermal 
buoyancy force are shown to produce such boundary layer 
instability 116,171 Since the momentum boundary layer 
instability produces fluctuations in the velocity boundary layer 
thickness, thermal boundary thickness will also be affected for 
moderate P r  number flows. This is indeed the case. Nusselt number 
at the well shows such fluctuations. No changes are observed f o r  
the Sh at the wall since the solute boundary layer thickness is 
too small (Sc=2140). Modifying the formula given in ref.1171 f o r  
the present case, the period of oscillation is estimated to be 
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... 

where dG is the tempe?.ature difference across the thermal 
boundary layer and $ is based on the momentum boundary layer 
thickness. '4- 

Similar oscillations of both short and long periods were 
observed in case 1 as well. Oscillation began at about t=2500 sec 
in case 1. The critical Grashof number without solutal effects is 
about 60000 C173. Grashof number for case 1 and 2 are about 
20000. Solute crfrects .,therefore, seem to lower the critical 
Grashof number over which the velocity boundary layer becomes 
unstable. 

For reduced gauity cases, no boundary layer instabilities 
were obserued. This imples that the critical Grashof number is 
larger than 2000. The other short periods oscillations were 
present in reduced gravity cases. But the amplitude o f  
oscillations were very small. 

interfacial Velocity Effects 

I t  is asssumed in the present analysis that the uelocity at 
the vertical walls is z e r o .  In reality, however, horizontal 
velocity due to diffusion of species A is not zero at these 
interface between the f l u i d  and the solid. By taking the m a s s  
balance at the interface, i t  can be shown that 1181 the 
horizontal velocity at x=O and x=L are given by 

and 

respectiuely. P 

To show the effects of interfacial velocity, the above 
velocity conditions were used for case 5 replacing the 
appropriate boundary conditions. The results showed that the 
average Sh at x=O increased by only 2 points. This small change 
is expected since the interfacial velocity in a dilute solution 
is very small compared with the characteristic velocity in 
a moderately large Grashof number conuection. 
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I U. CONCLUSI ONS AND RECOMMENDAT I (3NS 

In conclusions, a two-dimensional time-dependent numerical 
analysis are used to investigate the thermal and solute 
interactions encountered in a solution growth of single crystals. 
Numerical results were compared with experimental data. Good 
quantitative agreements were obtained in term of average mass 
transfer rate. Good qualitative agreements of ouer-all conuection 
fields were also observed. 

0 

I t  was observed that the thermal and solute fields become 
highly oscillatory when the Grashof number are large. 
Oscillations are probably cauesd by a number of instability 
mechanisms. Some of these instabilities were seen to disappear at 
the reduced gravi t y  enuironments. 

Transient temperature and solute distributions are found to 
be fairly non-uniform at the cryatal growing surface (x=L). And 
the effects o f  convection on the solute transport may not be 
negligible even in the micro-gravi t y  environment with 1.0e-49. 

The following is recommended f o r  the extension of the 
present study: 

1. I V  is further needed to ueryfy the capability o f  the 
numerical method used in the present study by simulating other 
experimental data. ( Lack of satisfactory agreement between the 
numerical and experimental results for case 2 should be 
adequately explained.) One possible source o f  disagreement is the 
numerical diffusion. A higher order numerical approximation may 
be needed. 

0 

2. Analyse other solution growth situations with realistic 
physical and flow parameters, such as mixture properties, ampoule 
geometries and bondary condi tons (including segregation effects) . 

3. Perform a fundamental numerical study on the instability 
mechanisms encountered ouer simple geometries such as vertical 
and horizontal planes. 

4. Extend to three-dimensional cases if success is warranted. 
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